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Pitfalls of Graph Neural Networks
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[Dai et al., 2018] [Alon et al., 2021] [Zhu et al., 2020] graphs
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Message Passing Beyond Input Graphs

Graph Neural Networks Transformers
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Two Problems on Graph Data
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Node-Level Prediction/Classification (our focus) Graph-Level Prediction/Classification

» Each node is an instance with a label » Each graph is an instance with a label

» Train/test on a dataset of nodes in a graph > Train/test on a dataset of graphs
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» The graph is often large (1K-100M nodes) > The graphs are often small (e.g., 10-100 nodes)

scalability issue
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Transformers for Node Classification
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exp(W2) T (WP2)) model needs to
ayy = i K 2(+D) — Za(l) (Wdz{hy ~ compute attention for

YN exp(WY )T (W) each node pair
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Scalable All-Pair Message Passing with O(N)

a Kernelized softmax message passing
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only require O(N)
compute the sum at once

Q Kernelized Gumbel-Softmax
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approximate sampling discrete
edges from a potential, large
graph that connects all nodes
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Approximation Error and Concentration

Assume ||a. (|2 and ||k, |2 are bounded by 7", and ¢ the Positive Random Features, then with
probability at least 1 — ¢, the approximation error gap will be bounded by

|¢ qu/\/_)T¢( o /A/T) — K(Qu /T, Ko /A/T) |) <|(f)! \/exp(G'r'/T) )\

m for random feature dimension, 7 for temperature
the error is independent of node number V

Suppose the random feature dimension m is sufficiently large, we have the convergence
property for the kernelized Gumbel-Softmax operator

i
lim P(cuv > cuv,,‘v’v + 'v) NeXP(qu kv) . lim P(cuv _ 1) Nexp(q v)
e D w=1¢xP(qy ky) 70 > w1 €xp(a, ky)

y 4

The sampled results converge to the ones induced by
the Softmax categorical distribution
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Scalable All-Pair Message Passing with O(N)

Algorithm 1: Scalable All-Pair Message Passing on Latent

Graphs with Linear Complexity (O(NN) or O(N + E))
l
Input: Node features Z(°) = X, input adjacency A. K
1 for(=0...,L—1do
2 | QU «wHZO, KO « wPzO, vO « wPzO; N xd
3
4
l
. Q¥
6
: N xd
’ v®
9 -
Output: Predict node labels Y = MLP({Z(V}2 ). N xd
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Scalable All-Pair Message Passing with O(N)

Algorithm 1: Scalable All-Pair Message Passing on Latent
Graphs with Linear Complexity (O(N) or O(N + E))

Input: Node features Z(°) = X, input adjacency A.
1 for{=0...,L—1do

2 | QU «wHZO, KO « wPzO, vO « wPzO; /
3 fork=1.2..... K do

4 Gr = {e%/"}0 1, gru ~ Gumbel(0, 1);

5 Gr = Gr.unsqueeze(1).repeat(1, m);

6 KV = G 0 oKD /y7), QY = Gi 0 6(QV /y/7);

Output: Predict node labels Y = MLP({Z(V}2 ).
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Scalable All-Pair Message Passing with O(N)

Algorithm 1: Scalable All-Pair Message Passing on Latent

Graphs with Linear Complexity (O(N) or O(N + E))
Input: Node features Z(°) = X, input adjacency A.
1 for{=0...,L—1do
2 | QU «wHZO, KO « wPzO, vO « wPzO;
3 fork=1,2,..., K do
4 Gk: — {egku/T}’l]:]:I, Qku ™~ G’u,mbel(O, 1);
5 Gr = Gr.unsqueeze(1).repeat(1, m);
; K = G0 (KD /v7), Q) = Gt 0 4(QV/v/7);
7 - UY — (K)TVO, 00 « (KP) T 1nxas
8
9

Output: Predict node labels Y = MLP({Z(V}2 ).
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Scalable All-Pair Message Passing with O(N)

Algorithm 1: Scalable All-Pair Message Passing on Latent
Graphs with Linear Complexity (O(N) or O(N + E))

Input: Node features Z(°) = X, input adjacency A.
1 for(=0...,L—1do

2 | QU «wHZO, KO « wPzO, vO « wPzO;
3 fork=1,2,..., K do
4 Gr = {e9%+/"}_\, gru ~ Gumbel(0,1);
5 Gr = Gr.unsqueeze(1).repeat(1, m); 7,(1+1)
6 K, = Gi 0 ¢(KV/v/7), Q) = G 0 $(QV/v/7);
7 U« (K) VO, 00 « (KY) 1w N xd
B &Ou®
8 Z(HD) & Ele W; % average K samples
k k
9

Output: Predict node labels Y = MLP({Z(V}F ).
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Input Graphs as Relational Bias

lobal key idea:
atgteont?on reinforce the weights for
observed edges

N\

Z(l—|—1)

T

relational a learnable scalar shared N xd

bias by all observed edges

2D 20 4+ 3 O v,
V,Qoyp=1
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Input Graphs as Regularization Loss

Q Supervised classification loss

‘C ___ZZ]I logyuc

v=1 c=1

a Edge-level regularlzatlon loss
L.(A,A) Y Y —10g )
l 1{(u,v)€€ dy
o ¢(W<z> )T g (D70
Muv qb(W(l) (l)) Zw (WY wd (l))

a Final loss function
L=L,+AL,

Key observation:
# labeled nodes < V<< /N 2= # node pairs

The log-likelihood of observed edges, if
assuming data distribution as

) ={ o =1
Po - 0, otherwise.

Since we only need to query the probability
for each observed edges, where the
complexity of each query is O(1)
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Dissecting the Rationale of New Objective

a A variational perspective look at the training objective

Key insights:
Treat the latent structure estimation as a variational distribution .

. (YA XA
The all-pair message passing module induces a predictive distribution ¢(A[X, A))( A XA)

{ﬁ( Z > —logﬂ(l)} [E ———Zzﬂ[yu=0]10gych

’LL

l 1 (u,v)€€ ‘ o=1¢=1
pq = argrgi(;l[:Eq[logp(YlA, X,A)} { Au! A)llpo(AIX, A)%
L. L.

Assume ¢ can exploit arbitrary distributions over A . When the objective achieves the optimum,
we have 1) D(q(A|X, A)|p(A|Y,X,A)) =0.and 2) logp(Y|X, A) is maximized.
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Comparative Experiments

0 Experiment on small node classification benchmarks

mmm GCN s GAT MixHop . JKNet DropEdge LDS IDGL = NodeFormer

e CiteSeer Deezer Actor LDS [Franceschi et al.,

89 75 I 70.0 35.0 I 2020]
g ) : = 7 2 3 » B
I AT | I | T [ i ' onll IDGL [Chen et al. 2021]
i I s e
85 70 60.0 '* - 25.0
0 Experiment on large-scale datasets OGB-Proteins and Amazon2M
i Aocoraey (1) | T em NodeFormer successfully scales to
3 + 0.10 3 -
GCN 83.90 to10 | 5.7GB graphs with 2M nodes
SGC 81.21 +o0.12 1.7 GB
GraphSAINT-GCN 83.84 +0.42 2.1 GB - .
GraphSAINT-GAT |  85.17 £ o2 22GB NOdeForr_ner using batch size 0.1M
NODEFORMER 87.85 + 024 4.0 GB only requires 4GB memory and
NODEFORMER-dt 87.02 +0.75 29GB INn :
NODEFORMERSp | 8755 son | A40GE hours for training on a single GPU
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Comparative Experiments

a Experiment on image/text classification (no input graph)

Mini-ImageNet 20News-Group
Method k=5 k=10 k=15 k =20 k=5 k=10 k=15 k = 20

GCN 84.86 +042 85.61 +040 85.93 +059 8596 +066 | 6598 068 64.13 08 62.95 070 62.59 +062

GAT 84.70 + 048 8524 +042 8541 +043 85.37 +051 | 64.06 044 6251 +071 61.38 +088 60.80 +0.59
DropEdge 83.91 o024 85.35+044 8525+063 8581 +065 | 64.46+043 64.01 £042 6246 £051 62.68 +0.71

IDGL 83.63 +032 8441 +035 85504024 85.66+042 | 6509 +123 6341 +126 61.57 +052 62.21 +0.79

LDS OoOOM OoOM OoOM OOM 66.15 036 64.70 107 63.51 064 63.51 £1.75
NODEFORMER | 86.77 +045 86.74 +023 86.87 041 86.64 042 | 66.01 + 118 6521 +1.14 64.69 131  64.55 £ 097

NODEFORMER w/o graph | 87.46 + 036 64.71 + 133

0 Scalability analysis on time/space costs

—— |DGL —¥— LDS —4— NodeFormer
/_\600 1.95 —~
\(9/ @ : CED 10000
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Ablation Study and Hyper-parameters

Larger random feature dimension m
allows better approximation

2
Accuracy

Moderate temperature (tau=0.25) yields
stably good performance

0
log(z)

Dataset | NODEFORMER NODEFORMER w/oreg NoDEFORMER wiotb  Ablation study on edge

Cc?ra 88.69 + 0.46 81.98 +0.46 88.06 + 0.59 regularization [oss and re[ational
Citeseer 76.33 + 0.59 70.60 + 1.20 74.12 + 0.64 .

Deezer 71.24 + 032 71.22 s0:33 71.10 + 036 bias

Actor 35.31 +1.29 35.15 £1.32 34.60 + 1.32
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Visualization of Learned Structures
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The latent structures produced by NodeFormer tend to connect nodes within the
same class and increase the overall connectivity of the whole graph
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Comparison with Existing Graph Transformers

Prior Art NodeFormer
quadratic complexity (hard linear complexity (largest
to scale to 10K nodes) demonstration on 2M nodes)
most desgined for graph desgined for node
classification (a dataset of classification (a dataset of
small graphs) nodes with inter-connection)
require postional embedding use relational bias and edge
(preprocess node/edge regularization loss for using
features) Input graph information
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Resources and Related Materials

[1] NodeFormer: A Scalable Graph Structure Learning Transformer for Node Classification, in NeurlPS 2022

[2] DIFFormer: Scalable (Graph) Transformers Induced by Energy Constrained Diffusion, in ICLR 2023
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